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Ž p.In this paper, we introduce a new metric on the space F R of fuzzy sets and
Ž p.prove that F R is separable and complete. Also, a characterization of compact
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1. INTRODUCTION
w x w xThe Skorokhod metric on the space D 0, 1 of functions from 0, 1 into
the real line R which are right-continuous and have left limits was
Žintroduced to study limit theorems for stochastic processes with jumps see
w x.Skorokhod 13 . It turned out that the Skorokhod metric plays a key role
w x Ž w xfor the convergence of probability measures on D 0, 1 see Billingsley 1
w x. w xand Jacod and Shirayaev 7 . Goetschel and Voxman 4 obtained the
representation theorem of fuzzy numbers in R which shows similarity
w x Ž .between the space D 0, 1 and the space F R of fuzzy numbers in R.
w xUsing this representation theorem, Joo and Kim 9 introduced a metric on
Ž . w x Ž .F R similar to the Skorokhod metric on D 0, 1 and proved that F R is
w xseparable and complete in the metric. Also, Ghil et al. 8 obtained a
Ž .characterization of compact subsets of F R which is an analogue of the
Arzela]Ascoli theorem. Thus it seems natural that we ask whether similar
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results to those of the above mentioned works can also be obtained for the
space of fuzzy sets in a more general setting.
The purpose of this paper is to answer this question. Section 2 is
devoted to describing some preliminary results for fuzzy sets. In Section 3,
Ž p. pwe introduce the Skorokhod metric on the space F R of fuzzy sets in R
Ž p.and prove that F R is separable and complete in the metric. Finally in
Ž p.Section 4, a characterization of compact subsets of F R is presented and
some examples are given.
2. PRELIMINARY RESULTS
In this section, we describe some preliminary results for fuzzy sets. Let
Ž p.K R denote the family of non-empty compact subsets of the Euclidean
p Ž p.space R . Then the space K R is metrizable by the Hausdorff metric
defined by
< < < <d A , B s max sup inf a y b , sup inf a y b ,Ž . ½ 5H
bgB agAagA bgB
< < Ž p.where ? denotes the Euclidean norm. It is well known that K R is
Žcomplete and separable with respect to the Hausdorff metric d seeH
w x.Debreu 5 .
 4 Ž .LEMMA 2.1. Assume that A is an increasing resp. decreasing se-n
Ž p.  4 Ž p.quence in K R . If there is a subsequence of A con¤erging to A g K Rn
with respect to the Hausdorff metric d , thenH
lim d A , A s 0.Ž .H n
n“‘
In addition,
A s A ,F D k
nG1 kGn
pwhere B denotes the closure of B in R .
w xProof. See Kaleva 10, Lemma 2.2 .
Ž p. p w xLet F R denote the family of all fuzzy sets u : R “ 0, 1 with the˜
following properties;
Ž . p Ž .1 u is normal, i.e., there exists x g R such that u x s 1;˜ ˜
Ž .2 u is upper semicontinuous;˜
pŽ .3 supp u s x g R : u x ) 0 is compact. 4Ž .˜ ˜
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For a fuzzy set u in R p, if we define˜
x : u x G a , if 0 - a F 1 4Ž .˜
L u s˜a ½ supp u , if a s 0,˜
Ž p. Ž p.then it follows immediately that u g F R if and only if L u g K R˜ ˜a
w xfor each a g 0, 1 .
Ž p.LEMMA 2.2. For u g F R , we define˜
w x pf : 0, 1 “ K R , d , f a s L u.Ž . Ž .Ž . ˜u H u a˜ ˜
Then the following hold:
Ž . Ž x1 f is left continuous on 0, 1 ,u˜
Ž . w .2 f has right-limits on 0, 1 and f is right-continuous at 0.u u˜ ˜
Ž . Ž x  4 w xProof. 1 Let a g 0, 1 and a be an increasing sequence in 0, 1n
 4 Ž p.such that lim a s a . Then L u is a decreasing sequence in K R˜n“‘ n a n
 4with L u ; L u for all n. Since L u is compact, the sequence L u has˜ ˜ ˜ ˜a 0 0 an n
Ž Ž p. .a convergent subsequence in K R , d . By Lemma 2.1, it converges toH
the limit
L u s L u s L u.˜ ˜ ˜F D Fa a ak n
nG1 kGn nG1
Thus, f is left-continuous at a .u˜
Ž . w .  4 w x2 Let a g 0, 1 and a be a decreasing sequence in 0, 1 withn
Ž .a ) a such that lim a s a . By the similar arguments as in 1 , wen n“‘ n
 4have that L u converges to the limit˜an
L u s L u.˜ ˜F D Da bk
nG1 kGn b)a
Hence, f has right-limit at a . The right-continuity of f at 0 followsu u˜ ˜
immediately.
w xqWe denote D L u by L u. Now we define, for J ; 0, 1 ,˜ ˜b ) a b a
w J s sup d L u , L u . 2.1Ž . Ž .˜ ˜Ž .u H a a˜ 1 2
a , a gJ1 2
Then it follows that for 0 F a - b F 1,
qw a , b s w a , b s d L u , L u ,Ž . Ž ˜ ˜Ž .u u H a b˜ ˜
and
w w xw a , b s w a , b s d L u , L u .. ˜ ˜Ž .u u H a b˜ ˜
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Also,
lim w a , b s 0,Žu˜qb“a
w x qlim w a , b s d L u , L u ,˜ ˜Ž .u H a a˜qb“a
and
w xlim w a , b s lim w a , b s 0.Žu u˜ ˜y ya“b a“b
Thus, if we define
w a s d L u , L qu , 2.2Ž . Ž .˜ ˜Ž .u H a a˜
then
ww a , b F w a q w a , b ,Ž . Ž ..u u u˜ ˜ ˜
and the function f defined as in Lemma 2.2 is continuous at a if andu˜
Ž .only if w a s 0.u˜
Ž p.LEMMA 2.3. For each u g F R and e ) 0, there exists a partition˜
w x0 s a - a - ??? - a s 1 of 0, 1 such that0 1 r
w a , a - e , i s 1, 2, . . . , r . 2.3Ž . Ž .u iy1 i˜
w x w xProof. Let t be the supremum of those a in 0, 1 for which 0, a can
Ž .be decomposed into finitely many subintervals satisfying 2.3 . Since the
Ž .function f a s L u is right-continuous at 0, we have t ) 0. Also, since˜u a˜
Ž . w xf a s L u is left-continuous at t , 0, t can itself be so decomposed.˜u a˜
Ž .Now suppose that t - 1. Then since f a s L u has right-limit at t ,˜u a˜
Ž .there exists d g 0, 1 y t such that
w t , t q d - eŽ .u˜
w xwhich is impossible because 0, t q d can also be decomposed into finitely
Ž .many subintervals satisfying 2.3 in this case.
Ž p.For u g F R and 0 - d - 1, we define˜
wX d s inf max w a , a , 2.4Ž . Ž . Ž .u u iy1 i˜ ˜
1FiFr
where the infimum is taken over all partitions 0 s a - a - ??? - a of0 1 r
w x0, 1 satisfying a y a ) d for all i. Then, Lemma 2.3 is equivalent toi iy1
the assertion that
lim wX d s 0Ž .u˜
d“0
Ž p.for each u g F R .˜
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Ž p.Now, we define two metrics d , d on F R by1 ‘
1
d u , ¤ s d L u , L ¤ da 2.5Ž . Ž .˜ ˜ ˜ ˜Ž .H1 H a a
0
d u , ¤ s sup d L u , L ¤ . 2.6Ž . Ž .˜ ˜ ˜ ˜Ž .‘ H a a
0FaF1
Also, the norm of u is defined as˜
˜5 5 < <u s d u , 0 s sup x ,Ž .˜ ˜‘
xgL u˜0
˜  4where 0 s I is the indicator function of 0 . Then it is well known that04
Ž p. Ž p.F R is complete with respect to two metrics d and d , and that F R1 ‘
Žis separable with respect to d but not with respect to d see Klement et1 ‘
w x.al. 12 .
3. THE SKOROKHOD TOPOLOGY
Ž p.In this section, we introduce the Skorokhod metric on F R and prove
Ž p.that F R is a Polish space. To this end, we will proceed by similar
w xarguments in Joo and Kim 9 . First, let T denote the class of strictly
w x Ž p.increasing, continuous mapping of 0, 1 onto itself. For u, ¤ g F R , we˜ ˜
define
d u , ¤ s inf e : there exists a t in T such thatŽ .˜ ˜ ½s
sup t a y a F e and d u , t ¤ F e , 3.1Ž . Ž . Ž .Ž .˜ ˜ 5‘
0FaF1
Ž p. Ž .where d is the metric on F R defined by 2.6 . Then it follows‘
Ž p. Ž . Ž .immediately that d is a metric on F R and d u, ¤ F d u, ¤ . The˜ ˜ ˜ ˜s s ‘
topology generated by the metric d will be called the Skorokhod topology.s
 4 Ž p.Note that a sequence u in F R converges to a limit u in the metric d˜ ˜n s
 4if and only if there exists a sequence of functions t in T such thatn
lim t a s a uniformly in a ,Ž .n
n“‘
and
lim d t u , u s 0.Ž .˜ ˜Ž .‘ n n
n“‘
Ž . Ž . ŽIf d u , u “ 0, then d u , u “ 0. But, the converse is not true for a˜ ˜ ˜ ˜‘ n s n
w x.counter-example, see Joo and Kim 9 .
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 4 Ž p. Ž p.THEOREM 3.1. Let u be a sequence in F R and u g F R . If the˜ ˜n
Ž .function f defined as in Lemma 2.2 is continuous, i.e., w a s 0 for allu u˜ ˜
w x Ž . Ž .a g 0, 1 , then d u , u “ 0 if and only if d u , u “ 0.˜ ˜ ˜ ˜s n ‘ n
Proof. The sufficiency is trivial. To prove the necessity, we assume that
Ž .  4d u , u “ 0. Then there exists a sequence t in T such that˜ ˜s n n
lim t a s a uniformly in a , 3.2Ž . Ž .n
n“‘
and
lim d t u , u s 0. 3.3Ž .Ž .˜ ˜Ž .‘ n n
n“‘
w x Ž .Since f is uniformly continuous on 0, 1 , 3.2 impliesu˜
d L ty1 u , L u s d L u , L u “ 0Ž .˜ ˜ ˜ ˜Ž . Ž .H a n a H t Ža . an
w x Ž y1Ž . . Ž .uniformly in a g 0, 1 . Then, d t u , u “ 0. Therefore, 3.3 implies˜ ˜‘ n
d u , u F d u , ty1 u q d ty1 u , u “ 0.Ž . Ž .˜ ˜ ˜ ˜ ˜ ˜Ž . Ž . Ž .‘ n ‘ n n ‘ n
Ž p.THEOREM 3.2. F R is separable with respect to the metric d .s
Ž p. Ž p.Proof. Let F R be the family of ¤ g F R which for some positive˜0
integer k, there exist S > S > ??? > S which are finite unions of1 2 k
p w xp-dimensional cubes of the form Ł a , b with rational points a , bjs1 j j j j
such that
ky1 i
¤ x s I x q I x ,Ž . Ž . Ž .˜ Ý S _ S Si iq1 kkis1
where I denotes the indicator function of A.A
Ž p. Ž p.Then F R is exactly the same as the family of ¤ g F R which L ¤˜ ˜0 a
is a finite union of a p-dimensional cube with rational vertices and
1 i y 1 iw x Ž xidentical over 0, and , , 2 F i F k, for some k.
k k k
Ž p.Now it is enough to prove that F R is dense with respect to d . Let0 s
Ž p.u g F R and e ) 0 be arbitrary fixed. By Lemma 2.3, we can take a˜
w x Ž .partition 0 s a - a - ??? - a s 1 of 0, 1 satisfying 2.3 . Then we0 1 r
choose a positive integer m so that
1 1
- e and - a y a for all i .Ž .i iy1m m
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Also now we take a finite union of p-dimensional cubes of the form
p w xŁ a , b with rational points a , b such thatjs1 j j j j
S > S > ??? > S1 2 k
and
L u ; S ; N L u , e ,˜ ˜Ž .a i ai i
Ž .  p < < 4where N A, e s y g R : inf y y a - e .ag A
j mi < 4Let us define m s min j a F and take t g T to be at the pointsi i m m
a and to be linear in between. Theni
1
sup t a y a F - e .Ž .
m0FaF1
Now, if we define
ry1 mi¤ x s I x q I x ,Ž . Ž . Ž .˜ Ý S _ S Si iq1 rmis1
Ž p. qthen ¤ g F R . Since L u ; L u ; L u ; S for a - a F a , we˜ ˜ ˜ ˜0 a a a i iy1 ii iy1
have
sup d L u , L ty1 ¤ s sup d L u , L ¤Ž .˜ ˜ ˜ ˜Ž . Ž .H a a H a tŽa .
a -aFa a -aFaiy1 i iy1 i
s sup d L u , S F e ,Ž .˜H a i
a -aFaiy1 i
y1Ž Ž .. Ž .which implies d u, t ¤ F e . Therefore we conclude d u, ¤ F e .˜ ˜ ˜ ˜‘ s
Ž p.THEOREM 3.3. F R is not complete with respect to the metric d .s
Proof. Let us define
1, x s u¡
1 p~u s w x, x g 0, 1 , x / u˜n n¢
0, elsewhere,
where u is the zero vector of R p. For distinct positive integers m, n, let
1 1Ž .t be a member of T such that t s and linear elsewhere. Thenm , n m , n n m
1 1
sup t a y a s y ,Ž .m , n n m0FaF1
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and
d t u , u s 0,Ž .˜ ˜Ž .‘ m , n n m
1 1Ž . < <which implies d u , u F y .˜ ˜s n m n mŽ Ž . .On the other hand, d t u , u s 0 or 1 for each t g T. Thus, if˜ ˜‘ n m
1 1Ž Ž . . Ž .d t u , u s 0, then t s which implies˜ ˜‘ n m n m
1 1
sup t a y a G y .Ž .
n m0FaF1
1 1Ž . < <  4Hence d u , u s y and u is a Cauchy sequence in the metric˜ ˜ ˜s n m nn m
d .s
 4Now, we prove that u is not convergent in the metric d . To this end,˜n s
Ž p.it suffices to show that if t g T and u g F R , then there exists e ) 0˜ 0
Ž Ž . .such that d t u , u G e for infinitely many n. Suppose that this asser-˜ ˜‘ n 0
tion is not true. Then
y1 y1sup L u s sup d L u , L u˜ ˜ ˜Ž .t Ža . H t Ža . a n
1 1
-aF1 -aF1
n n
F d t u , u “ 0 as n “ ‘.Ž .Ž .˜ ˜‘ n
This means that
y1sup L u s 0,˜t Ža .
0-aF1
that is,
 4L u s u for each a ) 0.˜a
Therefore,
1, if x s uu x sŽ .˜ ½ 0, otherwise,
Ž Ž . .which yields a contradiction since then d t u , u s 1.˜ ˜‘ n
U Ž p.Now we shall introduce another metric d on F R which is equivalents
Ž p. Uto d but F R is complete with respect to d . First, for t g T , puts s
t b y t aŽ . Ž .
< 5 5 <t s sup log
b y aa/b
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Ž p.and for u, ¤ g F R , we define˜ ˜
U < 5 5 <d u , ¤ s inf e ) 0 : there exists a t g T with t F eŽ .˜ ˜s
such that d u , t ¤ F e . 3.44Ž . Ž .Ž .˜ ˜‘
w xThen by a very similar manner as in Joo and Kim 9 , we can obtain the
following results which are listed without proofs.
U Ž p.THEOREM 3.4. d is a metric on F R .s
U 1 UŽ . Ž . Ž .LEMMA 3.5. If d u, ¤ - , then d u, ¤ F 2 d u, ¤ .˜ ˜ ˜ ˜ ˜ ˜s s s4
1 2Ž .LEMMA 3.6. If 0 - d - and d u, ¤ - d , then˜ ˜s4
dU u , ¤ F 4d q wX d .Ž . Ž .˜ ˜s u˜
U Ž P .THEOREM 3.7. The metrics d and d on F R are equi¤alent.s s
Ž P . UTHEOREM 3.8. F R is complete with respect to the metric d .s
Ž .We conclude this section by showing that d u , u “ 0 implies˜ ˜s n
Ž .d u , u “ 0, but the converse is not true.˜ ˜1 n
Ž . Ž .THEOREM 3.9. If d u , u “ 0, then d u , u “ 0.˜ ˜ ˜ ˜s n 1 n
 Ž . 4Proof. First we note that by Lemma 2.3, a : w a ) 1rk is finite foru˜
Ž . w xeach k g N. Thus, w a s 0 for all but countably many a g 0, 1 . There-u˜
Ž . Ž .fore, if we show that d L u , L u “ 0 for a satisfying w a s 0, then˜ ˜H a n a u˜
Ž .the bounded convergence theorem yields d u , u “ 0. Now suppose˜ ˜1 n
Ž .w a s 0 and e ) 0 are given. Then, there exists a d ) 0 such thatu˜
ww a , a q d - er2 and w a y d , a - er2. 3.5Ž Ž ..u u˜ ˜
Let n be a natural number such that n G n implies0 0
d u , u - min er2, d .Ž .˜ ˜Ž .s n
Then for each n G n , there is a t g T such that0 n
d t u , u - er2, 3.6Ž .Ž .˜ ˜Ž .‘ n n
and
sup t a y a - d . 3.7Ž . Ž .n
a
Ž . Ž . Ž .Therefore, 3.5 , 3.6 , and 3.7 imply that for n G n ,0
d L u , L u F d L u , L u q d L u , L u˜ ˜ ˜ ˜ ˜ ˜Ž . Ž . Ž .H a n a H a n t Ža . H t Ža . an n
- er2 q er2 s e ,
which gives the desired result.
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EXAMPLE. For each n g N, let
1, if x s u¡
1~ < <u x sŽ . , if 0 - x F 1˜n n¢
0, elsewhere,
1, if x s uu x sŽ .˜ ½ 0, elsewhere.
Then
1¡
< < 4x : x F 1 , if a F
n~L u s˜a n 1
 4u , if - a F 1.¢ n
Thus,
1¡
1, if a F
n~d L u , u s˜ ˜Ž .H a n 1
0, if - a F 1.¢ n
1Ž .  4Therefore, d u , u s “ 0 as n “ ‘. But we proved that u is not˜ ˜ ˜1 n nn
convergent in Theorem 3.3.
4. COMPACTNESS
In this section, we establish a characterization of compact subsets of
Ž p.F R endowed with the Skorokhod topology. Note that a characterization
Ž p.of compact subsets of the space F R endowed with the topology gener-
w xated by the metric d was obtained by Diamond and Kloeden 3 .‘
Ž p.THEOREM 4.1. Let K be a subset of F R . If
5 5sup u : u g K - ‘ 4.1 4 Ž .˜ ˜
and
lim sup wX d : u g K s 0, 4.2 4Ž . Ž .˜u˜
d“0
then K has compact closure in the Skorokhod topology.
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Ž p. UProof. Since F R is d -complete, it suffices to show that K iss
U Ž . Ž .d -totally bounded. First, we show that 4.1 and 4.2 imply that K iss
d -totally bounded. For any e ) 0, we choose a positive integer k such thats
1rk - e and wX 1rk - e for all u g K .Ž . ˜u˜
5 5 4 Ž .Put M s sup u : u g K . Since the closed ball B u , M with center˜ ˜
the origin u and radius M in R p is compact, we can take a finite family of
e p Ž . 4 Ž . Ž .open balls B a , : j s 1, . . . , n which covers B u , M . Let F R bej 02
Ž p.the finite set consisting of ¤ g F R that there exist the finite unions˜
e Ž . 4S ; S ; ??? ; S from B a , : j s 1, . . . , n such that1 2 k j 2
ky1 i
¤ x s I x q I x . 4.3Ž . Ž . Ž . Ž .˜ Ý S _ S Si iq1 kkis1
Ž p. Ž p.Then F R is exactly the same as the family of ¤ g F R which L ¤˜ ˜0 a
eŽ .is the finite union of B a , , j s 1, . . . , n, and fixed on each of thej 2
1 i y 1 iw x Ž xintervals 0, and , , i s 2, . . . , k.
k k k
Ž p.Now we shall show that F R is a 2e-net with respect to d . Since0 s
X Ž .w 1rk - e for each u g K, we can choose points 0 s a - a - ??? -˜u 0 1˜
a s 1 such that for each i s 1, 2, . . . , r,r
a y a ) 1rk and w a , a - e . 4.4Ž . Ž .i iy1 u iy1 i˜
Also we take distinct integers m such thati
m rk F a - m q 1rk , i s 0, 1, . . . , r ,i i i
Ž .and choose t g T such that t m rk s a and linear in between. Sincei i
< <t m rk y m rk s a y m rk - 1rk - e ,Ž .i i i i
we have
sup t a y a F e .Ž .
0FaF1
Now for i s 1, . . . , k, we put
iS s B a , er2 : B a , er2 l L u / B˜Ž . Ž .D ½ 5i j j tŽ .k
Ž .and let ¤ be defined as in 4.3 . Then since˜
i iL u ; S ; N L u , e ,˜ ˜ž /t i tŽ . Ž .k k
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we have
i i id L ¤ , L u s d S , L u - e for all i s 1, . . . , k . 4.5Ž .˜ ˜ ˜ž / ž /H t H i tŽ . Ž .k k k
i i q 1Ž Ž . Ž ..Since an interval t , t must be inside one of the intervals
k k
m mi iq1Ž Ž . Ž .. Ž . Ž .t , t s a , a , 4.4 implies thati iq1k k
d L u , L u - e for a , b g irk , i q 1rk .Ž˜ ˜Ž .H tŽa . tŽ b .
Ž .Then 4.5 implies
d L ¤ , L u - 2e for all a .˜ ˜Ž .H a tŽa .
Thus,
d ¤ , ty1 u - 2e and d u , ¤ - 2eŽ . Ž .˜ ˜ ˜ ˜Ž .‘ s
Ž p.which proves that F R is a 2e-net with respect to d .0 s
Now, for given h ) 0, we choose d ) 0 so that
d - 1r4 and 4d q wX d - h for all u g K .Ž . ˜u˜
Ž .This is possible by 4.2 . If we take e ) 0 so that
e - d 2r2.
Ž p. Uthen Lemma 3.6 implies that F R is an h-net for K with respect to d .0 s
UHence K is d -totally bounded and this completes the proof.s
Now we will show that the converse of Theorem 4.1 holds. To prove this,
we need the following lemma which is well known.
 4LEMMA 4.2. Let f be a sequence of real-¤alued functions on the metricn
 Ž .4space X such that for each x g X, f x is a nonincreasing sequence andn
lim f x s 0. 4.6Ž . Ž .n
n“‘
Ž .If the f are upper semicontinuous, then the con¤ergence in 4.6 is uniformn
on each compact set.
Ž p.THEOREM 4.3. If a subset K of F R has compact closure in the
Ž . Ž .Skorokhod topology, then 4.1 and 4.2 hold.
Proof. If K has compact closure in the Skorokhod topology, then it is
Ž . 5 5bounded in the metric d . Thus, 4.1 follows immediately since u s˜s
˜ XŽ . Ž . Ž .d u, 0 . Now it remains to prove 4.2 . Since w d “ 0 as d “ 0 for each˜s u˜
X Ž .u, in view of Lemma 4.2, it suffices to show that w d is upper semicontin-˜ u˜
Ž p.uous in u for each d . Let u g F R , d ) 0, and e ) 0 be given. We must˜ ˜
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find h ) 0 such that
d u , ¤ - h implies wX d - wX d q e .Ž . Ž . Ž .˜ ˜s ¤ u˜ ˜
w xFirst, we take a partition 0 s a - a - ??? - a s 1 of 0, 1 satisfying0 1 r
a y a ) d andi iy1
e
Xw a , a - w d q , i s 1, 2, . . . , r . 4.7Ž . Ž . Ž .u iy1 i u˜ ˜ 2
eNow we take 0 - h - so small that
4
a y a ) d q 2h for all i .i iy1
Ž .If d u, ¤ - h, then there exists a t g T such that˜ ˜s
y1sup t a y a s sup t a y a - hŽ . Ž .
a a
and
d u , t ¤ - h . 4.8Ž . Ž .Ž .˜ ˜‘
y1Ž .Let b s t a . Then for each i,i i
b y b ) a y a y 2h ) d .i iy1 i iy1
Ž . Ž .Moreover, 4.7 and 4.8 imply that
w b , b s d L q ¤ , L ¤Ž . ˜ ˜Ž .¤ iy1 i H b b˜ iy1 i
F d L q u , L u q 2h˜ ˜Ž .H a aiy1 i
e
F w a , a qŽ .u iy1 i˜ 2
- wX d q e ,Ž .u˜
X XŽ . Ž .which implies w d - w d q e . This completes the proof.¤ u˜ ˜
w xEXAMPLE 4.1. For l g 0, 1 , let
< <¡l, if x - 1~u x s < <Ž .˜ 1, if x s 1l ¢
0, elsewhere.
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Then
< < 4x : x s 1 , if a ) l
L u s˜a l ½ < < 4x : x F 1 , if 0 F a F l.
5 5 w xThus, u s 1 for each l g 0, 1 andl˜
1, if a - l - b
w a , b sŽ .u˜ ½l 0, otherwise.
Since we can choose a partition
0 s a - a - ??? - a s l - ??? - a s 10 1 j r
w xof 0, 1 satisfying a y a ) d for all i s 1, 2, . . . , r, we obtaini iy1
X w xw d s 0 for all l g 0, 1 .Ž .u˜l
 w x4Hence, K s u : l g 0, 1 has a compact closure in the Skorokhodl˜
topology. In fact, K is closed; therefore K is a compact subset in the
Skorokhod topology.
EXAMPLE 4.2. For each n g N, let
< <¡ x
< <1 y , if x F 1~u x sŽ .˜n n¢
0, otherwise.
Then
1¡
< < 4x : x F 1 , if 0 F a F
n~L u s˜a n 1
< <x : x F n 1 y a , if a ) 1 y . 4Ž .¢ n
Hence,
5 5 Xu s 1 and w d s ndŽ .˜n u˜n
which implies
5 5 Xsup u s 1 and sup w d s ‘.Ž .˜n u˜n
n n
 4Therefore, K s u : n g N is bounded but does not have compact clo-˜n
sure in the Skorokhod topology.
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